Any Γ-graded categorical group is determined by a factor set of a categorical group. This paper studies the factor set of the group Γ with coefficients in the categorical group of the type (Π, A). Then, an interpretation of the notion of Γ−operator 3−cocycle is presented and the proof of cohomological classification theorem for the a Γ−graded Gr-category is also presented.
Introduction
The notion of a graded monoidal category was presented by Fröhlich and Wall [4] by generalization some manifolds of categories with the action of a group Γ. Then, Γ will be also regarded as a category with exactly one object, (say * ), where the morphisms are the members of Γ and the composition law is the group composition operation. A Γ−grading on a category D is a functor gr : D → Γ. The grading is called stable if for all C ∈ obD, σ ∈ Γ, there is an equivalence u in D with domain C and gr(u) = σ. Then σ is the grade of u. If (D, gr) is a Γ−graded category, we define KerD to be the subcategory consisting of all morphisms of grade 1. 
In [1] , authors considered the Γ−graded extension problem of categories as a categorization of the group extension problem. The groups A, B in the short exact sequence:
are replaced with the categories C, D. A Γ−monoidal extension of the monoidal category C is a Γ−monoidal category D with a monoidal isomorphism j : C −→ KerD.
The construction and classification problems of Γ−monoidal extension were solved by raising the main results of Schreier-Eilenberg-MacLane on group extensions to categorical level. With the notations of factor set and crossed product extension, authors proved that there exists a bijection ∆ :
between the set of congruence classes of factor sets on Γ with coefficients in the monoidal category C and the set of congruence classes of Γ−extensions of C.
The case C is a categorical group (also called a Gr-category) was considered in [2] . Then, the Γ−equivariant structure appears on Π−module A, where Π = Π 0 (C), A = Aut C (1) = Π 1 (C). Γ−extensions and Γ−functors are classified by functors
where Γ CG is the category of Γ−extensions, Z 3 Γ is the category in which any object is a triple (Π, A, h), where (Π, A) is a Γ−pair and h ∈ H 3 ; H 3 Γ is the category obtained from
As we know, each categorical group is equivalent to a categorical group of the type (Π, A) and the unit constraint is strict (in the sense l x = r x = id x ). So we may solve the classification problem for this special case thanks to the desription of Gr-functors of Gr-categories of the type (Π, A) [6] . We may better describe the factor set, and show that the Γ−equivariant structure of A is a necessary condition of the factor set. Thus, we may construct Γ−operator 3−cocycles as a induced version of a factor set, instead of using complex construction as in [2] . By this way, we may obtain the classification theorem in a stronger form than the result in [2] , that is the bijection:
where S Γ (Π, A) is the set of congruence classes of Γ−extensions of Gr-categories of the type (Π, A).
The classification problem of Γ−functors follows this method will be presented in another paper.
Some notions
Let Π be a group and A be a left Π−module. A Gr-category of the type (Π, A) is a category S = S(Π, A, ξ) in which objects are elements x ∈ Π, and morphisms are automorphisms
The composition of two morphisms is defined by
The operation ⊗ is defined by
The associative constraint a x,y,z is a normalized 3−cocycle (in the sense of group cohomology) ξ ∈ Z 3 (Π, A), and the unit constraint is strict. Then from now on, a Gr-category of the type (Π, A) refers to the one with above properties. Definition 1.1. Let Γ be a group and let (C, ⊗) be any monoidal category. We say that a factor set on Γ with coefficients in (C, ⊗) is a pair (θ, F ) consisting of: a family of monoidal autoequivalences
and a family of isomorphisms of monoidal functors
satisfying the conditions i)
iii) for all ∀σ, τ, γ ∈ Γ, the following diagrams are commutative
In [6] , authors described monoidal functors between monoidal categories of the type (Π, A). Thanks to this description, we will prove the necessary conditions of a factor set.
We have
be Gr-categories and F = (F, F , F ) be a Gr-functor from S to S ′ . Then, F is a functor of the type (ϕ, f ).
According to this theorem, any monoidal autoequivalence F σ is of the form
. This remark is used frequently throughout this paper.
for all σ ∈ Γ, x ∈ Π and a ∈ A.
2 Γ−graded extension of a Gr−category of the type (Π, A)
For a given factor set (θ, F ), we may construct a Γ−graded crossed product extension of C, denoted by ∆(θ, F ) as follows:
where ∆(θ, F ) is a category in which objects are objects of C and morphisms are pairs (u, σ) : A → B where σ ∈ Γ and u : F σ (A) → B is a morphism in C. The composition of two morphisms:
This composition is associative and the unit exists thanks to cocycle and normalized conditions i), ii), iii) of (θ, F ). A stably Γ−grading on ∆(θ, F ), g : ∆(θ, F ) → Γ is defined by g(u, σ) = σ, and the bijection j : , F ) ) is defined by:
One can verify that (θ ′ , F ′ ) is a factor set of C ′ .
ii) We extend the functor G : C → C ′ to a functor
as follows: for the object X of C, let GX = GX; for the morphism (u, σ) : X → Y, where u :
One can verify that G is a Γ−equivalentce
From the above proposition, it is deduced that Corollary 2.2. Any Γ−extension of a Gr-category is equivariant to a Γ−extension of a Gr-category of the type (Π, A).
We now prove some necessary conditions for the existence of a factor set.
Theorem 2.3. Let Γ be a group and S = S(Π, A, ξ) be a Gr-category. If (θ, F ) is a factor set of Γ, with coefficients in S, then: i) there exists a group homomorphism
and A is equiped with a Π−module Γ−equivariant structure, induced by ϕ, f , ii) in Definition 2.1, the condition i) of a factor set can be deduced from the remaining conditions.
Proof. i) According to Theorem 1.1, any autoequivalence F σ , σ ∈ Γ, of a factor set is of the form (ϕ σ , f σ ) : S −→ S.
This stated that ϕ σ = F σ is a endomorphism in Π. Furthermore, F σ is an equivalence, so that ϕ σ is an automorphism of group Π, that is ϕ σ ∈ AutΠ. On the other hand, since θ σ,τ
Thus, ϕ σ ϕ τ = ϕ στ . This proved that
From the definition of the monoidal functor F σ , we have
We now observe isomorphisms of monoidal functors θ σ,τ = (θ σ,τ x ) where
in which t σ,τ : Π −→ A are maps. We have the following commutative diagrams
From which we are led to
From the equality (4), we are led to a homomorphism
given by f (σ) = f σ and so that
for all σ ∈ Γ, x ∈ Π, c ∈ A. Thus, since F σ is a functor of the type (
that is A is a Π-module Γ-equivariant.
ii) From the condition ii) in the definition of a factor set, we are led to
From the equality (5), for τ = 1, we obtain f 1 x,y = 0, that is F 1 x,y = id. From the equality (3), for σ = 1, we have:
is an identity monoidal functor. The theorem is proved.
Enough strict factor set and induced 3-cocycle
When the monoidal category C is replaced with the categorical group of the type (Π, A) we obtain better descriptions than in the general case. For example, in Theorem 3.2, authors proved that the condition i) of the definition of factor set of categorical groups of the type (Π, A) is redundant. Now, we continue "reducing" this concept in terms of other face.
In this paper, we call a factor set (θ, F ) enough strict if F σ = id I for all σ ∈ Γ. Definition 3.1. Let Γ be a group and C be a Gr-category of the type (Π, A). Factor sets (θ, F ) and (µ, G) on Γ with coefficients in C are cohomologous if there exists a family of isomorphisms of monoidal functors
Indeed, from the definition of cohomologous factor sets, there exists a family of isomorphisms of monoidal functors
Furthermore, for any a ∈ A, by the commutativity of the diagram
by the commutativity of the diagram F σ (x, a) = G σ (x, a).
Extending Lemma 1.1 [2] for a factor set, we have Lemma 3.3. Let S be a categorical group of the type (Π, A). Any factor set (θ, F ) on Γ with cofficients in S is cohomologous to an enough strict factor set (µ, G).
Proof. For each σ ∈ Γ, consider a family of isomorphisms in S:
where 1 = σ ∈ Γ, and u 1 = id.
Then, we define G σ in a unique way such that u σ : G σ → F σ is a natural transformation by setting G σ = F σ and:
For such setting, clearly we have
is a monoidal equivalence. In particular, we have: G σ = id I . This states the enough strictness of the family of functors G σ , as well as of the factor set (µ, G).
Now, we set µ σ,τ : G σ G τ → G στ the natural transformation which makes the following diagram
commute, for all σ, τ ∈ Γ. Clearly, µ σ,τ is a isomorphism of monoidal functors.
We will prove that the family of µ σ,τ satisfy the condition ii) of the definition of a factor set. We now prove that they satisfy the condition iii). Consider the diagram:
Proof. Suppose F σ = (F σ , F σ , id). Then, we can write
where f : Π 2 × Γ → A is a function.
For the family of isomorphisms of monoidal functors θ σ,τ = (θ σ,τ x ), we are able to write θ
where t : Π × Γ 2 → A is a function.
From functions ξ, f , t , in which ξ is associated with the associative constraint a of (Π, A), we determine the function h as follows:
The above determined h is a Γ−operator 3−cocycle. Indeed, the equalities (1), (5) turn into:
Moreover, from the relations of 3−cocycle ξ, we obtain:
The cocycle condition
for all x, y, z ∈ Π; σ, τ ∈ Γ. It follows that h satisfies the relations of a 3−cocycle in Z 3 Γ (Π, A). However, we have to prove the normalized property of h. First, since the unit constraints of (Π, A) are strict and the factor set (θ, F ) is enough strict, the equalities (2), (3), (6) turn into:
Since the normalized property of associative constraint a, h(1, y, z) = h(x, 1, z) = h(x, y, 1) = 0
Thanks to ii) in the definition of a factor set, we have
Let (µ, G) be another enough strict factor set on Γ with coefficients in ((Π, A, ξ), which ,F ) ) is a map. Thanks to the above remark, this correspondence is a surjection. We now prove that it is an injection.
Let ∆ and ∆ ′ be crossed product Γ−extension of Gr-categories S = S(Π, A, ξ), S ′ = S ′ (Π, A, ξ ′ ) by factor sets (θ, F ), (θ ′ , F ′ ). Moreover, 3−cocycles inducing h, h ′ are cohomologous. We will prove that ∆ and ∆ ′ are equivariant Γ−extensions.
According to the determining of h, h ′ ,
where g : Π 2 → A is a map. Then, Gr-categories S and S ′ are Gr-equivalent, so there exists a Gr-equivalence (K, K) : S → S ′ ,
where K x,y = (•, g(x, y)). We may extend the Gr-functor (K, K) to a Γ−functor It is easy to see that (K ∆ , K ∆ ) is a Γ−equivalence. Hence, Ω is an injection.
